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Does Palatini Higgs Inflation Conserve Unitarity?
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In the conventional metric formulation of gravity, Higgs Inflation violates unitarity in Higgs scattering at the
energy scale Λ ∼ MPl/ξ, where ξ ∼ 104 is the non-minimal coupling of the Higgs to the Ricci scalar. In the
Palatini formulation it is commonly believed that Λ ∼ MPl/
√
ξ, where ξ ∼ 109. Here we reconsider unitarity
violation in the Palatini formulation. We argue that there is no unitarity violation in Higgs scattering in the
Palatini non-minimally coupled Standard Model at energies below the Planck scale. If true, this would imply
that Palatini Higgs Inflation has a significant advantage over metric Higgs Inflation.
I. INTRODUCTION
Higgs Inflation [1] (for a recent review see [2]) is an important application of the non-minimally coupled scalar inflation
model originally proposed in [3]. It amounts to identifying the scalar of the model with the Standard Model Higgs boson. The
attraction of this class of model is that it can achieve inflation with scalar fields which have a large quartic self-coupling, allowing
scalars in conventional particle physics theories to explain inflation. However, while the model works well classically and is in
excellent agreement with Planck observations, it encounters a serious problem at the fundamental quantum level, since unitarity
is violated in tree-level Higgs scattering at energies much less than the Planck scale. Since some modification of the theory must
occur in order to ensure a unitary theory1, we cannot be sure that the classical theory is consistent at energies or field values
larger than the unitarity violation scale. In general, new non-renormalisable terms consistent with all symmetries and scaled
by the unitarity-violation scale would be expected in the potential. (For discussions of the unitarity problem of non-minimally
coupled inflation models, see for example [5–8].)
The origin of the unitarity violation problem in Higgs Inflation is the existence of more than one non-minimally coupled
scalar degree of freedom. In the case where there is only a single non-minimally coupled real scalar, there is a cancellation of the
tree-level graviton-exchange diagrams that would otherwise cause the unitarity problem in the Jordan frame (the s-, t- u-diagram
cancellation [7]). In the Einstein frame this is manifested as a redefinition of the scalar to a canonically normalised field [6, 9].
However, with an additional scalar, the Jordan frame cancellation is no longer possible, as the necessary s-channel diagram for
φ1φ2 → φ1φ2 does not exist. Equivalently, in the Einstein frame, the Lagrangian kinetic terms cannot be redefined to a sum of
canonically normalised kinetic terms [6, 7].
There is an attractive alternative to metric Higgs Inflation that retains the advantages and successful predictions of the model,
namely Palatini Higgs Inflation [10, 11]. (For a review of Palatini Higgs Inflation, see [12].) In this formulation, the connection
is treated as an independent variable, and only assumes the Levi-Civita form once the equations of motion are solved. The Ricci
tensor is therefore independent of the metric. This changes the conformal transformation to the Einstein frame and the resulting
inflation theory. In this note, we reconsider the question of unitarity violation due to the non-minimal coupling in Palatini Higgs
Inflation. Whilst our argument is primarily physical rather than a formal proof, it strongly suggests that, in so far as Higgs
Inflation can be quantised and tree-level scattering amplitudes can be calculated at all energies, unitarity is completely conserved
in the Palatini model at all energies up to the Planck scale.
II. THE PALATINI HIGGS INFLATIONMODEL AND UNITARITY VIOLATION
When considering scattering in the electroweak vacuum at energies E ≫mW , the Goldstone equivalence theorem [13] tells us
that we can consider the scalars in the Higgs doublet H to be physical and neglect the gauge fields when computing tree-level
scattering amplitudes. We will therefore consider the theory with only the Higgs scalars from this point on. The action of the
model is
S =
∫
d4x
√−g
[(
1+
2ξ|H|2
M2Pl
)
M2PlR
2
− ∂µH†∂µH−V(|H|)
]
. (1)
We do not consider the potential in this analysis, as we are interested specifically in unitarity violation purely due to the non-
minimal coupling, which determines the conventional unitarity violation scale in Higgs Inflation. As usual, we perform a
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1 In this we are assuming that tree-level unitarity violation implies true unitarity violation and not simply a breakdown of perturbation theory [4, 5].
2conformal transformation to the Einstein frame, g˜µ ν = Ω
2gµ ν, where
Ω2 = 1+
2ξ|H|2
M2Pl
. (2)
We define the Higgs doublet scalars by H = ((φ1+ iφ2)/
√
2,(φ3+ iφ4)/
√
2). In order to analyse unitarity violation, it is only
necessary to consider one pair of real scalars, as scattering involving other pairs of scalars will be equivalent. Restricting to φ1
and φ2, the Einstein frame action is given by
S =
∫
d4x
√−g [L11+L12+L22] , (3)
where
L11 =−1
2

Ω
2+
6αξ2φ21
M2Pl
Ω4

∂µφ1∂µφ1 (4)
L22 =−1
2

Ω
2+
6αξ2φ22
M2
Pl
Ω4

∂µφ2∂µφ2 (5)
L12 =−6αξ
2φ1φ2∂µφ1∂
µφ2
Ω4M2Pl
. (6)
Here α = 0 for Palatini and 1 for metric.
To determine the scale of unitarity violation, we can consider scattering in the Einstein frame [6, 8, 9]. In general, unitarity
violation in 2→ 2 elastic scattering occurs at the energy scale where the magnitude of the scattering amplitude satisfies |M | ∼ 1
[8]. Dimensionally, this occurs at the mass scale of the non-renormalisable scattering interaction. In the case of metric Higgs
Inflation, the L12 term unambiguously violates unitarity at an energy Λ∼MPl/ξ, assuming that Ω = 1 at the scattering energy.
We say ’unambiguously’ since at the energy Λ, if translated into an expectation value for the fields φ1 and φ2 (the significance
of this will be discussed below), we have Ω2 = 1+O(1/ξ)≈ 1, so the 1/Ω4 term in L12 will not modify this conclusion.
In the case of Palatini Higgs Inflation, the L12 operator does not arise and the Einstein action becomes simply
S =
∫
d4x
√−g
[
− 1
2Ω2
∂µφ1∂
µφ1− 1
2Ω2
∂µφ2∂
µφ2
]
, (7)
where
Ω2 = 1+
ξ
(
φ21+φ
2
2
)
M2Pl
. (8)
In this case, unitarity violation would be due to the Ω−2 terms. To understand scattering processes due to these operators at all
energies, we would need to quantise an action with inverse powers of fields. It is not obvious how this can be done in general,
and it is this issue that we address here.
The conventional estimate of unitarity violation in the non-minimally coupled SM in the Palatini formalism assumes that the
ξφ2/M2Pl terms in Ω
2 can be considered small compared to 1, in which case Ω−2 can be Taylor expanded. Then, for example,
− 1
2Ω2
∂µφ1∂
µφ1 =−1
2
∂µφ1∂
µφ1
(
1− ξ
(
φ21+φ
2
2
)
M2Pl
+ ...
)
. (9)
This results in a φ1φ2 scattering interaction
2,
ξ
2M2Pl
∂µφ1∂
µφ1φ
2
2 . (10)
2 Interactions involving only φ1 or φ2 can generally be eliminated by a redefinition to a canonically normalised field.
3Dimensionally, this violates unitarity at Λ∼MPl
√
ξ, which is the conventional estimate of the unitarity violation scale in Palatini
Higgs Inflation [11]. However, this is based on the assumption that the field-dependent terms in Ω2 can be considered small
compared to 1 in scattering processes at energy E >∼ MPl/
√
ξ. We next argue that this may not be true.
The conventional analysis of tree-level 2→ 2 unitarity violation considers scattering of particles with exactly known energy
and momentum. However, unitarity violation should also manifest itself in other scattering set-ups. For example, consider 2→ 2
scattering with particles scattering ’close to’ a point x at energy ’close to’ E . The incoming particles will then be described by
wavepackets with energy-momentum modes close to E . By energy close to E , we mean a spread of energies ∆E ∼ E . In this
case the scattering cross-section should be of the same magnitude as that for particles of energy and momentum precisely equal
to E . ∆E will correspond to a spread in the position of scattering by ∆x∼ 1/∆E ∼ 1/E . Within the interaction volume ∆x3, the
expectation value of the energy density will be< ρ >∼ E/∆x3 ∼ E4. The expectation value of the energy density will be related
to the expectation value of the field in the interaction volume by < ρ >∼ E2 < φ2 >, therefore φv =< φ2 >1/2∼ E , where φv is
the expectation value of the magnitude of the field in the interaction volume.
Suppose we now introduce a constant background field φ. If φ < φv ∼ E , then we would not expect the background field to
significantly modify the scattering process. If φ > φv ∼ E on the other hand, we would need to consider the interaction in a
background φ with φ = φ+ φ′, where φ′, the dynamical field which describes the scattering particles, is considered to be small
compared to φ since φ′v ∼ E .
Since the cross-sections in the two set-ups should generally be similar, it follows we should also be able to introduce a
background field with φ < E without affecting the calculation of the cross-section and amplitude in the case of exact energy-
momentum states. This is the key point of our argument. In general, we can consider the action relevant to the computation of
the cross-section in the two set-ups to be the same at a given scattering energy. In practice, this means that we can consider the
dynamical fields to have magnitude∼ E when determining the relevant expansion of the action.
Following from this, our analysis will be based on the following assumptions:
(i): The scattering amplitude for φ scalars of energy E is essentially unaffected by introducing a background field φ for φ so long
as φ≪ E .
(ii): Although the background field cannot be neglected once φ ≈ E , we will assume that the magnitude of the scattering
amplitude will still be correct in the limit φ≈ E . Similarly, if we consider the limit φ≫ E and compute the amplitude, we will
assume that the magnitude of the amplitude will still be correct in the limit φ ≈ E . This would be expected if the scattering
amplitude is continuous in E .
We will focus on scattering φ1φ2→ φ1φ2 in the electroweak vacuum at Jordan frame energies E greater than the conventional
Palatini unitarity violation scale Λ∼MPl/
√
ξ. In order to use the above assumptions, we will introduce a constant background
field φ1 for φ1 that is larger than E . This will allow us to expand the Ω
−2 factor in the Einstein frame and compute the scattering
amplitude. We then use Assumption (ii) to match the amplitude in the limit φ1 → E to the amplitude in the limit φ1 ≪ E and
so obtain the scattering amplitude in the electroweak vacuum. In effect, we are using a threshold approximation, where the
calculations valid at φ1≪ E and φ1 ≫ E are matched at φ1 = E ≫MPl/
√
ξ.
In practice, our estimate of the scattering amplitude in the electroweak vacuum when E ≫MPl/
√
ξ consists of the following
steps:
(a) Consider the process φ1φ2→ φ1φ2 in the electroweak vacuum with energy E ≫MPl/
√
ξ.
(b) Transform to the Einstein frame. Introduce a constant background field φ1 such that φ1≫E and derive the relevant expansion
of the action.
(c) Define canonically normalised scalars χ′1 and χ2 and a constant background field χ1 corresponding to φ1. Consider scattering
at Einstein frame energy E˜ . Compute the scattering amplitude.
(d) Transform the energy to obtain the scattering amplitude at Jordan frame energy E when φ1≫E . By Assumption (ii), this will
give the correct magnitude for the scattering amplitude in the limit φ1→ E , and so the correct magnitude for the amplitude in the
limit φ1≪ E , corresponding to the scattering amplitude for electroweak vacuum scattering of φ1 and φ2 scalars at E ≫MPl/
√
ξ.
We first derive the relevant expansion of the action. We introduce φ1 such that φ1 ≫ E ≫MPl/
√
ξ. Since φ1 = φ1+φ
′
1≫ E ,
where φ′1 is the dynamical part of the field and φ
′
1 ∼ E , we can write the Lagrangian as
− 1
2Ω2
∂µφ1∂
µφ1− 1
2Ω2
∂µφ2∂
µφ2 ≈−1
2
∂µφ1∂
µφ1(
1+
ξφ21
M2Pl
)(
1+
φ22
φ
2
1
) − 1
2
∂µφ2∂
µφ2(
1+
ξφ21
M2Pl
)(
1+
φ22
φ
2
1
) . (11)
4We transform φ1 to an approximately canonically normalised form χ1 in the usual way
dχ1
dφ1
=
1√
1+
ξφ21
M2Pl
. (12)
This has solution (assuming χ1 = φ1 when φ1 = 0)
χ1 =
MPl√
ξ
sinh−1
(√
ξφ1
MPl
)
. (13)
The first term in the Lagrangian Eq. (11) then becomes
− 1
2
∂µχ1∂
µχ1(
1+
φ22
φ
2
1
) . (14)
Expanding this using φ
2
1≫ φ22 ∼E2, we obtain the χ1 kinetic terms and the leading-order interaction that can lead to φ1φ2→ φ1φ2
scattering in the electroweak vacuum
− 1
2
∂µχ1∂
µχ1+
1
2
φ22
φ1
2
∂µχ1∂
µχ1+ ... . (15)
The second term of the Lagrangian Eq. (11) can be written as
M2Pl
2ξφ21
∂µφ2∂
µφ2(
1+
M2
Pl
ξφ21
)(
1+
φ22
φ
2
1
) . (16)
Expanding this, we obtain the φ2 kinetic term and leading-order interactions that can lead to φ1φ2 → φ1φ2 scattering
− M
2
Pl
2ξφ
2
1
∂µφ2∂
µφ2
(
1− 2φ
′
1
φ1
+ 3
φ′21
φ
2
1
)
+ ... . (17)
We define a canonically normalised field χ2 by
χ2 =
MPl√
ξφ1
φ2 . (18)
We also relate φ′1 to the dynamical part χ
′
1 of the χ1 field. In the limit where φ1 is large compared to MPl/
√
ξ, from Eq. (13) we
have √
ξφ1
MPl
= sinh
(√
ξχ1
MPl
)
≈ 1
2
e
√
ξχ1
MPl . (19)
Therefore
χ1 ≈ MPl√
ξ
ln
(
2
√
ξφ1
MPl
)
. (20)
With φ1 = φ1+φ
′
1, where φ
′
1≪ φ1, we obtain
χ1 ≈ MPl√
ξ
ln
(
2
√
ξφ1
MPl
(
1+
φ′1
φ1
))
. (21)
5Therefore
χ1 =
MPl√
ξ
(
ln
(
2
√
ξφ1
MPl
)
+ ln
(
1+
φ′1
φ1
))
≈ MPl√
ξ
ln
(
2
√
ξφ1
MPl
)
+
MPl√
ξ
φ′1
φ1
. (22)
We can then define χ1 = χ1+χ
′
1, where
χ1 =
MPl√
ξ
ln
(
2
√
ξφ1
MPl
)
(23)
and
χ′1 =
MPl√
ξ
φ′1
φ1
. (24)
Therefore, in terms of the canonically normalised dynamical fields χ′1 and χ2, from Eq. (15) and Eq. (17) the leading order
interactions leading to χ′1χ2→ χ′1χ2 scattering are
1
2
ξ
M2Pl
χ22∂µχ
′
1∂
µχ′1+
√
ξ
MPl
χ′1∂µχ2∂µχ2−
3
2
ξ
M2Pl
χ′21 ∂µχ2∂µχ2 . (25)
Dimensionally, all of these terms will lead to scattering amplitudes as a function of the Einstein frame energy E˜ of the form
|M | ∼ ξE˜
2
M2Pl
, (26)
either directly via the quartic interactions or from χ2 exchange via the cubic interaction.
The energy in the Einstein frame E˜ is related to that in the Jordan frame by
E˜ =
E
Ω
. (27)
The amplitude Eq. (26) is calculated with φ1≫MPl/
√
ξ, thus
Ω≈
(
1+
ξφ
2
1
M2Pl
)1/2
≈
√
ξφ1
MPl
. (28)
Therefore the scattering amplitude in terms of the energy in the Jordan frame is
|M | ∼ ξE
2
Ω2M2Pl
=
E2
φ
2
1
. (29)
We then apply Assumption (ii), which implies that the scattering amplitude Eq. (29) in the limit φ1→ E also gives the scattering
amplitude in the limit φ1→ 0, where the Jordan and Einstein frames are equivalent. Therefore the tree-level scattering amplitude
for φ1φ2→ φ1φ2 in the electroweak vacuum at energy E ≫MPl/
√
ξ is
|M | ∼ lim
φ1→E
E2
φ
2
1
∼ 1 . (30)
Based on this, the scattering amplitude as a function of E increases as E2 until E ∼MPl/
√
ξ, and then becomes a constant close
to 1.
In general, if unitarity is violated in a theory we would expect there to be a well-defined energy of unitarity violation as E
increases. Therefore, discounting some kind of rolling marginal unitarity violation when E > MPl/
√
ξ, we interpret Eq. (30) to
mean that tree-level unitarity violation is not violated in high energy Higgs scattering in the Palatini model at energies below the
Planck scale. Based on this, we conclude that Palatini Higgs Inflation is likely to be a fundamentally consistent theory up to the
Planck scale.
6III. CONCLUSIONS
We have considered the question of unitarity violation in the Palatini formulation of Higgs Inflation. Unitarity violation in
scattering processes represents a fundamental breakdown of the theory, requiring that the theory is replaced by a new unitary
theory before the energy of unitarity violation is reached. In Palatini Higgs Inflation, the conventional view is that unitarity
in Higgs scattering in the electroweak vacuum is violated at an energy Λ ∼ MPl/
√
ξ. Here we have argued that there is no
unitarity violation in Palatini Higgs Inflation at any scattering energy below the Planck scale. This is because the expansion of
inverse terms of the conformal factor Ω, which leads to the conventional estimate of unitarity violation, is not valid in scattering
at the conventional energy of unitarity violation. We have estimated the scattering amplitude for Higgs scattering at energy
E ≫MPl/
√
ξ and find that it is unlikely to exceed unity.
If true, the non-minimally coupled Standard Model in the Palatini formulation would be a completely consistent theory up to
the Planck scale. As such, Palatini Higgs Inflation would have a significant advantage over the metric version of the theory3.
Our conclusion is based on a physical argument relating the scattering amplitude of particles of exact energy E to that of
particles with an uncertainty ∆E ∼ E . As such, it does not constitute a formal proof, although we believe it strongly suggests
that tree-level unitarity is conserved in Palatini Higgs Inflation up to the Planck scale. At the very least, we believe it indicates
that this important issue has yet to be resolved.
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